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Abstract Given a semianalytic set S in Cn and a point p ∈ S, there is
a unique smallest complex-analytic germ Xp which contains Sp, called the
holomorphic closure of Sp. We show that if S is semialgebraic thenXp is a Nash
germ, for every p, and S admits a semialgebraic filtration by the holomorphic
closure dimension. As a consequence, every semialgebraic subset of a complex
vector space admits a semialgebraic stratification into CR manifolds.
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1 Introduction
Given a real-analytic (or, more generally, semianalytic) subset S of an open set
in a complex vector space, a natural question arises how much of the ambient
complex structure is inherited (locally) by S. In the present paper, we are
interested in the following local biholomorphic invariant of S: Let ξ be a point
of S. We shall consider the minimal dimension of a complex-analytic germ at
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ξ containing the germ Sξ - the so-called holomorphic closure dimension of Sξ,
denoted dimHC Sξ (see [2]). The minimal (with respect to inclusion) complex-
analytic germ Xξ containing Sξ is called the holomorphic closure of Sξ. For
d ∈ N, let Sd(S) denote the set of points ξ ∈ S for which dimHC Sξ ≥ d. We
will investigate the structure of the sets Sd(S), and how they are modified by
holomorphic mappings of the ambient space.
The study of this outer complex dimension of real-analytic sets originates
in [15]. It is well motivated in classical CR geometry. The holomorphic closure
dimension of a real-analytic CR manifold is complementary to its CR dimen-
sion, and its properties can be used to show that a real-analytic manifold is
a CR manifold outside a nowhere-dense semianalytic subset (Proposition 1.4
and Theorem 1.5 of [2]). However, when considering the sets Sd(S), there is no
gain in assuming that S is non-singular, and so we shall consider the general,
singular case.
On the other hand, our personal bias is to study the real-analytic and
semianalytic sets for themselves. It seems natural to expect the sets Sd(S)
to remain close to the class of S. By comparison, in [1], we studied the sets
Ad(S) of those ξ ∈ S for which Sξ contains a complex analytic germ of di-
mension at least d. Theorem 1.1 of [1] asserts that the Ad(S) are semianalytic
(not necessarily real-analytic though). Alas, things do not look so good for the
holomorphic closure dimension. In fact, Example 6.3 of [2] shows that, for d
greater than the generic holomorphic closure dimension of S, the sets Sd(S)
need not even be subanalytic! Hence, in order to hope for some sort of tame-
ness, the next largest class to consider is that of semialgebraic sets, which is the
class we consider here. For that reason, when considering how a holomorphic
mapping modifies the complex structure inherited by our set S, we also need
to restrict to mappings which preserve the class of S. Thus our general objects
of study are semialgebraic subsets of complex vector spaces and holomorphic
semialgebraic mappings between (open subsets of) such spaces. As it turns
out, all such maps are Nash (Proposition 4).
The first part of this article is concerned with tameness of the holomorphic
closure dimension in semialgebraic subsets of complex vector spaces. In Sec-
tion 3, we study the images of Nash sets by Nash mappings, and prove a local
variant of Chevalley’s theorem on images of algebraic mappings (Theorem 5).
Although the image of a Nash set by a Nash mapping need not be Nash (not
even Nash-constructible, Remark 5), its holomorphic closure is already Nash,
and of the same dimension as the image itself.
The key consequence of Theorem 5 is the following result, which lies at the
heart of all our tameness arguments.
Proposition 1 The holomorphic closure of a semialgebraic set S at a point
ξ ∈ S is a Nash germ.
We prove this proposition in Section 4. The main result of Section 4 is the
proof of the semialgebraic stratification by holomorphic closure dimension:
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Theorem 1 Let S be a semialgebraic subset of a finite-dimensional complex
vector space M . Then the sets Sd(S) are semialgebraic and closed in S, for
all d ∈ N.
Remark 1 An analogous semianalytic filtration does not exist in general for
S semianalytic. Indeed, Example 6.3 of [2] shows a connected non-singular
R-analytic set R ⊂ C5 of generic holomorphic closure dimension 3, and with
the set S4(R) non-empty and not semianalytic. In fact, S4(R) is not even
subanalytic.
Section 5 gives a series of results concerning the relationship between the
holomorphic closure dimension of a semialgebraic set and that of its preimage
under a holomorphic semialgebraic mapping. In the last section, we present
applications of these results to CR geometry. Our main application is the
following semialgebraic stratification by CR manifolds:
Theorem 2 Let S be a semialgebraic subset of a finite-dimensional complex
vector space M . Then there exists a finite partition {Sι}ι∈I of S into semial-
gebraic subsets of M satisfying the following conditions:
(i) Every Sι is a CR manifold.
(ii) Compatibility with the family {Sd(S)}d∈N: for each ι ∈ I there exists d ∈ N
such that Sι ⊂ Sd(S) \ Sd+1(S).
(iii) Condition of the frontier: For any j, k ∈ I, either Sj ∩ Sk = ∅ or else
Sj ⊂ Sk, dimR Sj < dimR Sk and dimHC(Sj)ξ ≤ dimHC(Sk)ξ for every
ξ ∈ Sj.
This result, again, is in contrast with the real-analytic case (see Remark 8).
Finally, we investigate how the CR structure varies under some holomorphic
mappings. Particularly, we study holomorphic semialgebraic desingulariza-
tions.
To make the article easily accessible for both real-algebraic and CR geom-
etry communities, we review the basic notions and tools in the next section.
2 Preliminaries
Throughout this article, the dimension of a setX is understood in the following
sense. If X is a subset of a K-manifold M (K = R or C), then
dimKX = max{dimKN : N ⊂ X, N a closed submanifold of an open subset of M} .
The dimension of the germ Xp of a set X at a point p ∈M is then defined as
dimKXp = min{dimK(X ∩ U) : U an open neighbourhood of p in M} .
Because real- and complex-analytic and algebraic objects are often consid-
ered next to one another in our arguments, we will always call them R-analytic
(resp. R-algebraic) or C-analytic (resp. C-algebraic), to avoid confusion. When
speaking of dimension of a K-analytic (or K-algebraic) set, we always mean
its K-dimension in the above sense, unless otherwise specified.
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2.1 Semialgebraic sets
For a concise introduction to semialgebraic geometry, we refer the reader to
[4, Ch. 2] and [7].
LetM be a finite-dimensional R-vector space. A choice of base for M gives
a linear isomorphism ψ : Rn →M , where n = dimM . We say that a function
f : M → R is a polynomial function on M if there exists P ∈ R[X1, . . . , Xn]
such that (f ◦ ψ)(x) = P (x) for all x = (x1, . . . , xn) ∈ Rn. Since linear base
change is a polynomial mapping (with polynomial inverse), it follows that the
above definition is independent of the choice of base for M . We say that a
subset S of M is semialgebraic if S is a finite union of sets of the form
{x ∈M : f1(x) = · · · = fr(x) = 0, g1(x) > 0, . . . , gs(x) > 0} ,
where r, s ∈ N and f1, . . . , fr, g1, . . . , gs are polynomial functions on M . One
easily checks that the union and intersection of two semialgebraic sets are
semialgebraic, as is the complement of a semialgebraic set.
Let Ω and ∆ be open subsets of finite-dimensional R-vector spaces M and
N respectively. A mapping ϕ : Ω → ∆ is called a semialgebraic mapping if
its graph is a semialgebraic subset of M ×N . The Tarski-Seidenberg Theorem
(see, e.g., [4, Prop. 2.2.7]) insures that the image (resp. the inverse image) by
ϕ of a semialgebraic subset of M (resp. N) is semialgebraic in N (resp. M).
Remark 2
1. [4, Prop. 2.2.2]. If S is semialgebraic inM , then the topological closure and
interior of S in M are semialgebraic sets.
2. [4, Thm. 2.4.4]. Every semialgebraic subset of M has a finite number of
connected components, each of which is semialgebraic in M .
3. [4, Thm. 2.9.10]. Every semialgebraic subset of M is a disjoint union of a
finite family of sets, each of which is a connected R-analytic manifold and
a semialgebraic subset of M .
A semialgebraic subset of a C-vector space M is one that is semialge-
braic in M regarded as an R-vector space. If Ω and ∆ are open subsets of
finite-dimensional C-vector spaces M and N respectively, then a holomorphic
semialgebraic mapping ϕ : Ω → ∆ is a holomorphic map whose graph is a
semialgebraic subset of M ×N in the above sense.
2.2 Nash sets and Nash mappings
See [16] for a detailed exposition of (complex) Nash sets and Nash mappings.
Let M be a finite-dimensional C-vector space. Let Ω be an open subset
of M , and let f be a holomorphic function on Ω. We say that f is a Nash
function at x0 ∈ Ω if there exist an open neighbourhood U of x0 in Ω and a
C-polynomial function P : M × C → C, P 6= 0, such that P (x, f(x)) = 0 for
x ∈ U . A holomorphic function on Ω is a Nash function if it is a Nash function
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at every point of Ω. Let N be another finite-dimensional C-vector space. A
holomorphic mapping ϕ : Ω → N is a Nash mapping if each of its components
is a Nash function on Ω with respect to some basis of N .
A subset X of Ω is called a Nash subset of Ω if for every x0 ∈ Ω there
exist an open neighbourhood U of x0 in Ω and Nash functions f1, . . . , fs on
U , such that X ∩U = {x ∈ U : f1(x) = · · · = fs(x) = 0}. A germ Xξ at ξ ∈ Ω
is a Nash germ if there exists an open neighbourhood U of ξ in Ω such that
X ∩ U is a Nash subset of U .
Remark 3 Equivalently, Xξ is a Nash germ if its defining ideal can be gener-
ated by power series algebraic over the polynomial ring C[x]; that is, OX,ξ ∼=
C{x}/(f1, . . . , fs)C{x} with fj ∈ C〈x〉, j = 1, . . . , s, where x = (x1, . . . , xm)
and C〈x〉 denotes the algebraic closure of C[x](x) in C[[x]].
Remark 4
1. [16, Thm. 2.15]. A holomorphic ϕ : Ω → N (resp. germ ϕξ of ϕ at ξ ∈ Ω)
is a Nash mapping (resp. Nash map-germ) if and only if its graph is a Nash
subset of Ω ×N (resp. a Nash germ at (ξ, f(ξ)) ∈ Ω ×N).
2. [16, Prop. 2.6]. If {Xι}ι∈I is a family of Nash subsets of Ω, then
⋂
ι∈I Xι is
a Nash subset of Ω. If moreover the family {Xι}ι∈I is locally finite, then⋃
ι∈I Xι is also Nash in Ω.
3. [16, Thm. 2.10]. Let X be an irreducible C-analytic subset of an open set
Ω ⊂ M . Then X is a Nash subset of Ω if and only if there exists an
irreducible algebraic subset Z of M such that X is an analytic-irreducible
component of Ω ∩ Z.
4. [16, Thm. 2.11]. Let X be a Nash subset of an open set Ω ⊂M , and let Y
be an irreducible component of X . Then Y is a Nash subset of Ω.
5. [16, Thm. 2.12]. An irreducible Nash subset of the spaceM is an irreducible
algebraic subset of M .
2.3 CR structure
There are many excellent monographs on CR geometry; see, e.g., [3], [5], or
[8].
Given an R-linear subspace L in Cn of dimension d, one defines the CR
dimension of L to be the largest m such that L contains a C-linear subspace
of (complex) dimension m. Clearly, 0 ≤ m ≤ [d2 ]. A real submanifold M
in Cn of real dimension d is called a CR manifold of CR dimension m, if
the tangent space TpM has CR dimension m for every point p ∈ M . We
write dimCRM = m. In particular, if m = 0, then M is called a totally real
submanifold.
2.4 Real-analytic subgerms of complex-analytic germs and complexification
We recall the following construction from [2]. Let d : Cnζ → C2n(z,w) be the map
defined by d(ζ) = (ζ, ζ¯). Then D = d(Cn) is a totally real embedding of Cn
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into C2n. Suppose R is an R-analytic set in Cn, and p ∈ R. With a moderate
abuse of notation, we will denote by Rcp the complexification of the germ of
d(R) at q := d(p) in C2n, that is, the smallest germ of a C-analytic set in C2n
which contains the germ of d(R) at q. (And we will call it the complexification
of Rp, for short.)
Let now X be a C-analytic set in an open neighbourhood U of p in Cn,
defined by g1, . . . , gt ∈ O(U), where gk(ζ) =
∑
|ν|≥0 ckνζ
ν , k = 1, . . . , t. We
set
Xz = {(z, w) ∈ U ′ : gk(z) =
∑
|ν|≥0
ckνz
ν = 0, k = 1, . . . , t}
Xw = {(z, w) ∈ U ′ : g¯k(w) =
∑
|ν|≥0
ckνw
ν = 0, k = 1, . . . , t} ,
(2.1)
where U ′ is some small open neighbourhood of q in C2n. Let πz : C2n(z,w) → Cnz
and πw : C2n(z,w) → Cnw be the coordinate projections. Then Xz = πz(Xz)×Cn
and Xw = Cn × πw(Xw), as the defining equations of Xz (resp. Xw) do not
involve variables w (resp. z). Therefore, the set
X̂ := Xz ∩Xw = πz(Xz)× πw(Xw) (2.2)
is C-analytic (in U ′), of dimension equal twice the dimension of X . If Xp
is irreducible, then the complexification Xcp of Xp (viewed as an R-analytic
germ) coincides with X̂q. Indeed, clearly d(X) ⊂ X̂ , hence Xcp ⊂ X̂q. But the
irreducibility of Xp implies that of X̂q (by (2.1) and (2.2)), and dimX
c
p =
2dimXp = dim X̂q, so X
c
p = X̂q.
Let A ⊂ C2n be a C-analytic representative of the complexification Rcp at
q (in some open neighbourhood of q); i.e., Aq = R
c
p. Then the holomorphic
closure Rp
HC
of the germ Rp can be identified with the smallest C-analytic
germ containing (πz(A))piz(q). Indeed, on the one hand we have
Rp ⊂ Xp ⇒ Aq ⊂ X̂q ⇒ (πz(A))piz(q) ⊂ (πz(Xz))piz(q).
On the other hand, suppose (πz(A))piz(q) ⊂ Z˜piz(q) for some C-analytic Z˜ in a
neighbourhood V of πz(q) in Cn. Say, Z˜ = {z ∈ V : gk(z) = 0, k = 1, . . . , t}.
Define a C-analytic set Z in a neighbourhood U of p as Z = {ζ ∈ U : gk(ζ) =
0, k = 1, . . . , t}. Then Z = d−1((πz)−1(Z˜) ∩D), and hence
Rp ⊂ (d−1(A ∩D))p ⊂ (d−1((πz)−1(Z˜) ∩D))p = Zp .
3 Images of Nash sets under Nash mappings
Our main tools in this section are Remmert’s Rank Theorem and Chevalley’s
theorem on constructibility of images of algebraic sets. We recall them below
for reader’s convenience, in the form most suitable for our purposes (see, e.g.,
[12]). We will denote by fbdxϕ the dimension at x of a fibre ϕ
−1(ϕ(x)).
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Theorem 3 (Remmert) If ϕ : X → Y is a holomorphic mapping of C-
analytic sets such that fbdxϕ = k for all x ∈ X, then every point ξ ∈ X
admits an arbitrarily small open neighbourhood W in X, such that ϕ(W ) is
locally analytic in Y , of dimension dimξX − k.
Theorem 4 (Chevalley) Suppose that M and N are finite-dimensional C-
vector spaces, and let π : M × N → N denote the canonical projection. If
Z is an irreducible C-algebraic subset of M ×N , then π(Z) is an irreducible
C-algebraic subset of N , and dimπ(Z) = dimπ(Z). (Here π(Z) is the closure
of π(Z) in the Euclidean topology of N .)
From now on, M and N denote finite-dimensional C-vector spaces, and
π : M × N → N is the canonical projection. For a subset W of an open
set V in N , we will denote by W
HC(V )
the smallest C-analytic subset of V
containingW (by analogy to the holomorphic closure of a germ). We will need
the following adaptation of Chevalley’s theorem 4 to the local setting.
Proposition 2 Let Z be an irreducible C-algebraic subset ofM×N , let Ω be a
non-empty open set in M ×N , and let X be an analytic-irreducible component
of Z ∩ Ω. Then, for every point (ξ, η) of X and every pair of bounded open
neighbourhoods U of ξ in M and V of η in N such that U × V ⊂ Ω, the set
π(X ∩ (U × V ))HC(V ) is a union of some analytic-irreducible components of
π(Z) ∩ V . Moreover, dim π(X ∩ (U × V ))HC(V ) = dim π(X ∩ (U × V )).
Proof Let λ denote the minimal fibre dimension of the restriction π|Z : Z →
N . Set Σ˜ := {z ∈ Z : fbdz(π|Z) > λ}. By Chevalley’s theorem on upper
semicontinuity of fibre dimension [11, Thm. 13.1.3], Σ˜ is algebraic. Since Σ˜ is
a proper subset of Z, and Z is irreducible, it follows that dim Σ˜ < dimZ. By
Theorem 4, π(Σ˜) is an algebraic subset of N , of dimension dimπ(Σ˜). Note
that
dimπ(Σ˜) ≤ dimπ(Z)− 2 . (3.1)
Indeed, every irreducible component of Σ˜ is of dimension at most dimZ − 1,
and the generic fibre dimension of π restricted to such a component is at least
λ+ 1. Hence
dimπ(Σ˜) = dim π(Σ˜) ≤ (dimZ−1)−(λ+1) = (dimZ−λ)−2 = dimπ(Z)−2 ,
where the inequality follows from [12, §V.3.2, Thm. 2].
Set Σ := π−1(π(Σ˜)) ∩ Z. Then Σ is an algebraic subset of M × N and
Σ ⊂ Z. We claim that Σ is a proper subset of Z (or, equivalently, that
dimΣ < dimZ, by irreducibility of Z). Indeed, by surjectivity of π, we have
π(π−1(π(Σ˜))) = π(Σ˜), hence
π(Σ) = π(π−1(π(Σ˜)) ∩ Z) ⊂ π(Σ˜) .
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Therefore dimπ(Σ) ≤ dimπ(Σ˜) ≤ dimπ(Z)− 2, by (3.1), and hence dimΣ <
dimZ. Since, by assumption, X is analytic-irreducible and of the same dimen-
sion as Z, it follows that X ∩Σ is nowhere-dense in X .
Let now (ξ, η) be an arbitrary point of X , and let U × V be a relatively
compact product neighbourhood of (ξ, η) in M ×N such that U ×V ⊂ Ω. By
nowhere-density of X ∩Σ in X , we have
π(X ∩ (U × V )) = π((X \Σ) ∩ (U × V )) = π(X ∩ (U × V )) \ π(Σ˜) ,
where the rightmost equality follows from the definition of Σ. In particular,
π(X ∩ (U × V ))HC(V ) = π(X ∩ (U × V )) \ π(Σ˜)
HC(V )
, (3.2)
since every C-analytic subset of V is closed in V .
For every point (x, y) ∈ (X \Σ)∩ (U ×V ), the projection π|X has constant
fibre dimension λ near (x, y). (Indeed, it is clear for every (x, y) such that
X(x,y) = Z(x,y), and for the other points it follows from upper semicontinuity
of fibre dimension and the fact that X \ Z \X is dense in X .) Hence, by
Theorem 3, there exist open neighbourhoods U (x,y) of x in U and V (x,y) of y
in V , such that π(X ∩ (U (x,y)×V (x,y))) is analytic in an open neighbourhood
of y in N , of pure dimension dimX − λ = dimZ − λ. On the other hand,
π(X ∩ (U (x,y) × V (x,y))) is contained in the intersection of the algebraic set
π(Z) with V (x,y), which is also of dimension dimZ−λ. It follows that the germ
(π(X ∩ (U (x,y)×V (x,y))))y is a union of some analytic-irreducible components
of (π(Z))y .
For a fixed y0 ∈ π(X ∩ (U × V )) \ π(Σ˜), consider the family of open sets
U (x,y0) × V (x,y0) as above, over all x ∈ U such that (x, y0) ∈ X . By relative
compactness of U , we can choose finitely many x1, . . . , xs ∈ U , such that
(π(X ∩ (U × V )))y0
= (π(X ∩ (U (x1,y0) × V (x1,y0))))y0 ∪ · · · ∪ (π(X ∩ (U (xs,y0) × V (xs,y0))))y0 ,
and hence the germ (π(X ∩ (U ×V )))y0 is a union of some analytic-irreducible
components of the germ (π(Z))y0 . Therefore π(X∩(U ×V ))\π(Σ˜) is a locally
analytic subset of V \ π(Σ˜), of pure dimension dimZ − λ.
Next, note that, for every analytic-irreducible component Λ of π(Z)∩V , if
(π(X∩(U×V )))y ⊃ Λy at some point y ∈ V \π(Σ˜), then π(X ∩ (U × V ))HC(V ) ⊃
Λ (by irreducibility of Λ). Let {Λι}ι∈I be the family of all the analytic-
irreducible components of π(Z) ∩ V whose germ at some point of V \ π(Σ˜) is
contained in the corresponding germ of π(X ∩ (U × V )). Then
⋃
ι∈I
Λι ⊂ π(X ∩ (U × V ))
HC(V )
and π(X ∩ (U ×V )) \π(Σ˜) ⊂
⋃
ι∈I
(Λι \π(Σ˜)) .
(3.3)
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On the other hand, by local finiteness of the family {Λι}ι∈I , we have
⋃
ι∈I
(Λι \ π(Σ˜)) =
⋃
ι∈I
(Λι \ π(Σ˜)) =
⋃
ι∈I
Λι .
The latter is C-analytic in V , hence combining (3.2) and (3.3), we get
⋃
ι∈I
Λι ⊂ π(X ∩ (U × V ))
HC(V )
= π(X ∩ (U × V )) \ π(Σ˜)
HC(V )
⊂
⋃
ι∈I
Λι
HC(V )
=
⋃
ι∈I
Λι ;
i.e., π(X ∩ (U × V ))HC(V ) =
⋃
ι∈I
Λι.
The last assertion of the proposition follows from the fact that π(X ∩ (U ×
V )) \ π(Σ˜) is of pure dimension dimπ(Z). ⊓⊔
Corollary 1 Let X be a Nash subset of an open set Ω ⊂ M × N . Let U
and V be bounded open subsets of M and N respectively, such that U × V ⊂
Ω. Then π(X ∩ (U × V ))HC(V ) is a Nash subset of V , of dimension equal to
dimπ(X ∩ (U × V )).
Proof Let X =
⋃
ι∈I Xι be the decomposition of X into (a locally finite family
of) analytic-irreducible components. Then the family {Xι ∩ (U × V )}ι∈I is
finite, by compactness of U × V . By Remark 4(4), each Xι is a Nash subset
of Ω. Further, by irreducibility of Xι and Remark 4(3), there exists, for every
ι ∈ I, an irreducible algebraic set Zι in M × N such that Xι is an analytic-
irreducible component of Zι ∩ Ω. Therefore π(Xι ∩ (U × V ))
HC(V )
is a Nash
subset of V , by Proposition 2, and hence so is π(X ∩ (U × V ))HC(V ), as
π(X ∩ (U × V ))HC(V ) =
⋃
ι∈I
π(Xι ∩ (U × V ))
HC(V )
=
⋃
ι∈I
π(Xι ∩ (U × V ))HC(V ) .
⊓⊔
Remark 5 A stronger version of Chevalley’s theorem 4 asserts that a pro-
jection of a C-algebraic-constructible set (that is, a boolean combination of
C-algebraic sets) is itself a C-algebraic-constructible set. One may thus expect
that a local version of this result (for Nash-constructible sets) holds as well.
This is not the case.
We say that a subset X of an open Ω ⊂M is Nash-constructible (in Ω) if
for every x0 ∈ Ω there exist an open neighbourhood U of x0 in Ω and Nash
subsets X1, . . . , Xs, Y1 . . . , Ys of U such that X ∩ U =
⋃s
k=1(Xk \ Yk).
Now, let X := {(z, w) ∈ C2 : z + w = 1} and let Ω be the open polydisc
{(z, w) ∈ C2 : |z| < 1, |w| < 1}. Then the projection π of X ∩ Ω to the z-axis
is not a Nash-constructible subset of π(Ω).
More generally, the main result of [13] implies that the closure under the
operations of Cartesian product, finite union, complement and Cartesian pro-
jection of the family of sets X which are semialgebraic in some Cn and Nash-
constructible in some open U ⊂ Cn equals to the family of all the semialgebraic
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subsets of Cn (for all n). Therefore it is strictly larger than the family of Nash-
constructible sets.
Theorem 5 Let Ω be an open subset of M , let ϕ : Ω → N be a Nash map-
ping, and let X be a Nash subset of Ω. Then, for every point ξ ∈ X and an
arbitrarily small open neighbourhood U of ξ, there exists an arbitrarily small
open neighbourhood V of ϕ(ξ) such that ϕ(X ∩ U) ∩ V HC(V ) is a Nash subset
of V , of dimension equal to dimϕ(X ∩ U). In particular, (ϕ(X ∩ U))ϕ(ξ)
HC
is a Nash germ, of dimension dimϕ(X ∩ U).
Proof Let ξ be a point of X , and let U be a bounded open neighbourhood of
ξ in Ω. Then the graph of ϕ restricted to X ∩ U ,
Γϕ|X∩U = {(x, y) ∈ U ×N : x ∈ X, y = ϕ(x)}
is a Nash subset of U × N , as Γϕ|X∩U = (U × N) ∩ Γϕ ∩ (Ω × N) is the
trace on U × N of a Nash subset of Ω × N . Let π : M ×N → N denote the
canonical projection. Then, by Corollary 1, one can choose an arbitrarily small
open neighbourhood V of ϕ(ξ) in N , such that π(Γϕ|X∩U ∩ (U × V ))
HC(V )
is
a Nash subset of V , of dimension dim π(Γϕ|X∩U ∩ (U × V )). But
π(Γϕ|X∩U ∩ (U × V )) = ϕ(X ∩ U) ∩ V ,
which completes the proof. ⊓⊔
Example 1 Note that (ϕ(X ∩ U))ϕ(ξ)
HC
need not be a C-algebraic germ, even
if Ω = M and ϕ is a C-polynomial mapping. Let, for example, Y be the curve
z2 = w2(w+1) in C2, letX be the normalization of Y , and let ϕ : C ∼= X → C2
be the composite of the canonical maps X → Y and Y →֒ C2. Let ξ ∈ X
be one of the two preimages of 0 ∈ Y . Then, for a sufficiently small open
neighbourhood U of ξ, (ϕ(X ∩ U))0HC = (ϕ(X ∩ U))0 is the germ of one of
the two C-analytic branches of Y near 0, which is not a C-algebraic germ,
because Y is irreducible.
Remark 6 Note also that Theorem 5 is false without the assumption that X
is Nash. Indeed, let ϕ : C4 ∋ (w, x, y, z) → (w, x, y) ∈ C3 and let X ⊂ C4 be
a C-analytic set defined by equations x = wz, y = wzez. Then dimX = 2,
hence dimϕ(X ∩ U) ≤ 2 for an arbitrary neighbourhood U of the origin in
C4. However, for an arbitrarily small U , the germ (ϕ(X ∩ U))0 is contained
in no proper C-analytic subgerm of C30, hence dim (ϕ(X ∩ U))0
HC
= 3 >
dimϕ(X ∩ U). This is an Osgood example (see, e.g., [10]).
4 Semialgebraic stratification by holomorphic closure dimension
4.1 Holomorphic closure of a semialgebraic set
Let S be a semialgebraic subset of a finite-dimensional C-vector space M . Let
ξ be a point of S. Recall that a C-analytic germ Xξ ⊂Mξ is the holomorphic
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closure of S at ξ (denoted Sξ
HC
) if it is the smallest C-analytic germ at ξ
containing Sξ.
Proposition 1 asserts that the holomorphic closure of a semialgebraic set
is a Nash germ.
Proof of Proposition 1
By § 2.1, S can be written as a finite union of semialgebraic open subsets of
R-algebraic sets; i.e., sets of the form
{ζ ∈ Cn : f1(ζ, ζ¯) = · · · = fk(ζ, ζ¯) = 0, g1(ζ, ζ¯) > 0, . . . , gl(ζ, ζ¯) > 0} ,
where f1, . . . , fk, g1, . . . , gl are polynomial functions with real coefficients. Let
ξ ∈ S. Let S˜1, . . . , S˜µ be all such subset of S, which are adherent to ξ, and let
R1, . . . , Rµ be the corresponding R-algebraic sets. Then, for every j = 1, . . . , µ,
Sξ ∩Rjξ is an open subgerm of Rjξ.
We will now use terminology of § 2.4. Let A1, . . . , Aµ be C-algebraic subsets
of C2n(z,w), such that (R
j
ξ)
c = Ajη, where η := d(ξ). Let R
j
ξ = R
j,1
ξ ∪· · ·∪Rj,sjξ be
the decomposition of Rjξ into irreducible R-analytic germs, and let A
j
η = A
j,1
η ∪
· · · ∪ Aj,tjη be the decomposition of Ajη into irreducible C-analytic subgerms.
Then, for every j, we have tj = sj and (up to permutation of indices) A
j,k
η is
precisely the complexification of Rj,kξ (k = 1, . . . , sj), by [6, Prop. 9].
Now, for all j and k, either Sξ ∩Rj,kξ = ∅ or else Sξ ∩Rj,kξ is a non-empty
open subgerm of Rj,kξ . Therefore the holomorphic closure Sξ
HC
is the union of
Rj,kξ
HC
over all pairs (j, k) such that Sξ ∩Rj,kξ 6= ∅. Consequently, it suffices
to show that each Rj,kξ
HC
is a Nash germ.
By § 2.4, we can identify Rj,kξ
HC
with the smallest C-analytic germ con-
taining (πz(Aj,k))piz(η), where A
j,k is an irreducible representative of the germ
Aj,kη in some open neighbourhood U
′ of η in C2n. After shrinking U ′ if needed,
we can assume that Aj,k is an analytic-irreducible component of Aj ∩U ′, and
hence Aj,k is a Nash subset of U ′ (Remark 4). Then
Rj,kξ
HC
= (πz(Aj,k))piz(η)
HC
is a Nash germ, by Theorem 5. ⊓⊔
As an immediate consequence of Proposition 1, we recover the main result
of [9] (Proposition 3, below). The global statement (“semialgebraic C-analytic
subset of M is C-algebraic”) follows from Proposition 3 via Remark 4(5) (see
also [14, Cor. 4.5]).
Proposition 3 Let X be a C-analytic subset of an open set Ω in M . If X is
semialgebraic in M , then X is a Nash subset of Ω.
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Proof It suffices to show that the germ of X at every point of X is Nash.
Let ξ be a point of X . By Proposition 1, the holomorphic closure Xξ
HC
is a
Nash germ. But Xξ itself is the smallest C-analytic germ containing Xξ, so
Xξ = Xξ
HC
is a Nash germ. ⊓⊔
In the next section, we will study complex dimensions of preimages of
semialgebraic sets under holomorphic semialgebraic mappings. It turns out
that such mappings are necessarily Nash.
Proposition 4 Let Ω be an open semialgebraic subset of M . If ϕ : Ω → N
is a holomorphic semialgebraic mapping, then ϕ is Nash.
Proof By assumption, the graph Γϕ of ϕ is a semialgebraic subset of M ×N .
On the other hand, Γϕ is biholomorphic with Ω, and hence it is a C-analytic
subset of the open set Ω ×N . Thus, by Proposition 3, Γϕ is a Nash subset of
Ω ×N ; i.e., ϕ is a Nash mapping (Remark 4(1)). ⊓⊔
Let us note an important special case:
Corollary 2 If ϕ : M → N is a holomorphic semialgebraic mapping of C-
vector spaces, then ϕ is a C-polynomial map.
Proof By Proposition 4, the graph Γϕ of ϕ is a Nash subset of M × N . On
the other hand, Γϕ is an irreducible C-analytic subset of M × N (as it is
biholomorphic to M). It follows that Γϕ is an irreducible C-algebraic subset
of M ×N , by Remark 4(5). Therefore ϕ is a holomorphic mapping with a C-
algebraic graph, and hence a C-polynomial map, by the Serre Algebraic Graph
Theorem (see, e.g., [12, §VII.16]). ⊓⊔
Combining Proposition 4 with Theorem 5, we get the following result.
Theorem 6 Let Ω be a semialgebraic open subset of M , let ϕ : Ω → N
be a holomorphic semialgebraic mapping, and let X be a Nash subset of Ω.
Then, for every point ξ ∈ X and an arbitrarily small open neighbourhood U
of ξ, there exists an arbitrarily small open neighbourhood V of ϕ(ξ) such that
ϕ(X ∩ U) ∩ V HC(V ) is a Nash subset of V , of dimension equal to dimϕ(X∩U).
In particular, the germ (ϕ(X ∩ U))ϕ(ξ)
HC
is Nash, of dimension dimϕ(X∩U).
4.2 Semialgebraic stratification by holomorphic closure dimension
Lemma 1 Let S be an R-analytic submanifold of an open subset of M . If X
is a C-analytic subset of an open set Ω ⊂ M , and Xξ ⊃ Sξ at some point
ξ ∈ S, then X contains the closure of a connected component of S ∩Ω.
Proof Identity Principle for R-analytic functions. ⊓⊔
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Lemma 2 Let S be a connected R-analytic submanifold of an open subset of
M . There exists a unique smallest C-algebraic subset X of M containing S
and such that, for every ξ ∈ S, Xξ is the smallest C-algebraic germ containing
Sξ. Moreover, X is irreducible.
Proof For every ξ ∈ S, define Xξ as the minimal (with respect to inclusion)
element of the family of sets
{Z ⊂M : Z is C−algebraic in M, and Zξ ⊃ Sξ} ,
which is well-defined, by Noetherianity. By Lemma 1, each Xξ contains S.
Given any ξ1, ξ2 ∈ S, we thus have (Xξ1)ξ2 ⊃ Sξ2 , hence Xξ1 ⊃ Xξ2 , by mini-
mality of Xξ2 . Therefore Xξ1 = Xξ2 , and so the set X := Xξ is independent
of the choice of ξ. By construction, X has the required properties.
To prove the final assertion of the lemma, suppose that X is a union of
two proper C-algebraic subsets X1 and X2. Then S 6⊂ X1, S 6⊂ X2, and
S 6⊂ X1 ∩ X2, by minimality of X . But S ⊂ X1 ∪ X2, hence there exists a
point ξ0 ∈ S, such that ξ0 ∈ X1 \X2, and so (X1)ξ0 ⊃ Sξ0 . Then X1 ⊃ S, by
Lemma 1; a contradiction. ⊓⊔
Proposition 5 Let S be a connected semialgebraic subset of M and an R-
analytic submanifold of an open subset of M , and let X be the unique C-
algebraic subset of M from the above lemma. Then, at every point ξ ∈ S, the
holomorphic closure Sξ
HC
is a union of some analytic-irreducible components
of Xξ. In particular, the holomorphic closure dimension is constant on S.
Proof Let ξ be a point of S. By Proposition 1, Sξ
HC
= Sξ
HC
is a Nash germ.
Hence we can choose an open neighbourhood U of ξ in M such that Sξ
HC
has
a Nash representative Y in U , satisfying Y ⊃ S ∩ U . Let Z be a C-algebraic
subset of M , for which Y is a union of analytic-irreducible components of
Z ∩ U . Then Zξ ⊃ Yξ ⊃ Sξ, hence Z ⊃ S, by Lemma 1. By minimality
of X , Z ⊃ X . Hence Zξ ⊃ Xξ, and consequently every analytic-irreducible
component Xjξ of Xξ is contained in an analytic-irreducible component Z
k
ξ of
Zξ. On the other hand, Xξ ⊃ Sξ, so by definition of the holomorphic closure,
Xξ ⊃ Yξ. Therefore, every analytic-irreducible component of Yξ is contained
in an analytic-irreducible component of Xξ. As Yξ is a union of some analytic-
irreducible components of Zξ, it follows that Yξ is a union of some components
Xjξ of Xξ, as required. Finally, the irreducibility of X implies that all the
analytic-irreducible components of a germ of X at any point ξ ∈ X are of
dimension dimX . ⊓⊔
For a semialgebraic set S in M of dimension d, denote by Regd(S) the
locus of points ξ ∈ S for which Sξ is a germ of a d-dimensional R-analytic
manifold.
Corollary 3 Let S be a d-dimensional semialgebraic set in M . If Regd(S) is
connected and dense in S, then there exists an irreducible C-algebraic subset X
in M such that X ⊃ S and dimHC Sξ = dimX for every ξ ∈ S. In particular,
this is the case if S is a semialgebraic CR manifold.
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Proof LetX be the unique irreducible C-algebraic set for Regd(S) from Lemma 2.
Then, by Proposition 5,X has the required properties, because S = Regd(S) ⊂
X = X . ⊓⊔
Remark 7 Notice that the above result does not carry over to the semianalytic
case, where it is possible to have a smooth connected set with non-constant
holomorphic closure dimension (see Examples 6.1 and 6.3 of [2]).
We conclude this section with the proof of the semialgebraic stratification
by holomorphic closure dimension.
Proof of Theorem 1
Let ξ be a point of S, and let Y be a C-analytic subset of a neighbourhood U
of ξ in M , such that Yξ = Sξ
HC
. After shrinking U if needed, we can assume
that Y ∩ U ⊃ S ∩ U , and dim Yx ≤ dimYξ for all x ∈ U . Hence Yx ⊃ SxHC ,
for every x ∈ U , and so
dimSx
HC ≤ dimYx ≤ dim Yξ = dimSξHC .
This proves closedness of Sd(S), for d ∈ N.
For the proof of semialgebraicity of Sd(S), consider a finite partition {Sι}ι∈I
of S into semialgebraic sets, each of which is a connected R-analytic manifold
(Remark 2(3)). For each ι ∈ I, there is an irreducible C-algebraic set Xι sat-
isfying the conclusion of Lemma 2 applied to Sι. Then, for every x ∈ Sι,
dimHC(Sι)x = dimXι, by Proposition 5. For x ∈ S, let I(x) = {ι ∈ I : x ∈
Sι}. Then SxHC =
⋃
ι∈I(x) (Sι)x
HC
, hence dimHC Sx = max{dimXι : ι ∈
I(x)}. Thus the holomorphic closure dimension of Sx only depends on I(x).
But, for any I ′ ⊂ I, the set {x ∈ S : I(x) = I ′} is semialgebraic, by Re-
mark 2(1). ⊓⊔
5 Preimages under holomorphic semialgebraic mappings
We will now study the relationship between the complex dimensions of semi-
algebraic sets and those of their preimages, with a view toward applications
in CR geometry.
Let Ω and ∆ be open connected subsets of M and N respectively, and
let ϕ : Ω → ∆ be a holomorphic mapping. Denote by λ the generic fibre
dimension of ϕ, and set Ω(λ) := {x ∈ Ω : fbdxϕ = λ}. Assume that ϕ is
dominant; i.e., λ = dimM − dimN .
Proposition 6 Let S be an arbitrary subset of ϕ(Ω). Suppose that ϕ is equidi-
mensional; i.e., fbdxϕ = λ for all x ∈ Ω. Then, for all η ∈ S and ξ ∈ ϕ−1(η),
dimHC(ϕ
−1(S))ξ = dimHC Sη + λ .
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Proof Given η ∈ S, we can choose an open neighbourhood V of η in N , such
that the holomorphic closure Sη
HC
has a representative Y C-analytic in V .
Then (ϕ−1(Y ))ξ ⊃ (ϕ−1(S))ξ, for every ξ ∈ ϕ−1(η), and dim(ϕ−1(Y ))ξ =
dimYη + λ, by Theorem 3, as the fibre dimension of ϕ|ϕ−1(Y ) is constantly λ.
Hence dimHC(ϕ
−1(S))ξ ≤ dimHC Sη + λ, at every ξ ∈ ϕ−1(η).
Next, suppose there exists a point ξ ∈ ϕ−1(η) for which dimHC(ϕ−1(S))ξ <
dimHC Sη+λ. Choose an open neighbourhoodU of ξ inΩ such that (ϕ−1(S))ξ
HC
has a representative X C-analytic in U , and such that X ⊃ ϕ−1(S) ∩ U . Set
X(λ) := {x ∈ X : fbdxϕ|X = λ}. Then X(λ) is a C-analytic subset of U ,
and (X(λ))ξ ⊃ (ϕ−1(S))ξ, because ϕ−1(S) consists of λ-dimensional fibres.
By minimality of holomorphic closure, we have (X(λ))ξ = Xξ, and hence we
can replace X with X(λ). Then the fibre dimension of ϕ is constant on X ,
so by Theorem 3, ϕ(X) is C-analytic in a neighbourhood of η, of dimension
dim(ϕ(X))η = dimXξ + λ.
By assumption, S = ϕ(ϕ−1(S)), and hence ϕ(X) ⊃ ϕ(ϕ−1(S) ∩ U) =
S∩ϕ(U). Note that ϕ(U) is an open neighbourhood of η, because ϕ is an open
mapping, by the Remmert Open Mapping Theorem (see, e.g., [12]). Hence
(ϕ(X))η ⊃ Sη, and so
dimHC Sη ≤ dim(ϕ(X))η = dimXξ − λ < (dimHC Sη + λ)− λ ;
a contradiction. ⊓⊔
Let, as before, Sd(S) denote the set of points x ∈ S such that dimHC Sx ≥
d.
Corollary 4 Under the hypotheses of Proposition 6,
ϕ−1(Sd(S)) = Sd+λ(ϕ−1(S)) ,
for all d ∈ N.
Without the equidimensionality assumption on ϕ, we have the following:
Proposition 7 Let S be an arbitrary subset of ϕ(Ω). Suppose that for every
η ∈ S, Sη ∩ (ϕ(Ω \ Ω(λ)))η is nowhere-dense in Sη. Then, for all η ∈ S and
ξ ∈ ϕ−1(η), we have
dimHC(ϕ
−1(S))ξ ≤ dimHC Sη + λ , (5.1)
provided (ϕ−1(S))ξ ∩ (Ω \Ω(λ))ξ is nowhere-dense in (ϕ−1(S))ξ.
Proof Given η ∈ S, choose an open neighbourhood V of η in N such that
Sη
HC
has a representative Y C-analytic in V . Then ϕ−1(Y ) is a C-analytic
subset of ϕ−1(V ), and it contains ϕ−1(S) ∩ ϕ−1(V ). Let ξ ∈ ϕ−1(η) be such
that (ϕ−1(S))ξ ∩ (Ω \ Ω(λ))ξ is nowhere-dense in (ϕ−1(S))ξ. Let U be an
open neighbourhood of ξ in Ω, such that ϕ−1(Y ) ∩ U has a finite number of
irreducible components; say, Σ1, . . . , Σs. Then, by assumption, (ϕ−1(S))ξ is
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contained in the union of those Σjξ for which Σ
j 6⊂ (Ω \ Ω(λ)) ∩ U . Hence,
replacing ϕ−1(Y )∩U by the union of these Σj , if needed, we can assume that
there exists a component Σj of ϕ−1(Y )∩U , of dimension dim(ϕ−1(Y ))ξ, and
such that the generic fibre dimension of ϕ|Σj is λ. Therefore, by Theorem 3,
dim(ϕ−1(Y ))ξ = dimΣ
j = dim(ϕ(Σj))η + λ ≤ dimYη + λ ,
and hence dimHC(ϕ
−1(S))ξ ≤ dim Yη + λ, as required. ⊓⊔
In the semialgebraic setting we can get even more: Assume that Ω and ∆
are semialgebraic inM andN respectively, and that ϕ : Ω → ∆ is holomorphic
semialgebraic.
Proposition 8 Under the hypotheses of Proposition 7, assume furthermore
that S is a semialgebraic subset of N and ϕ is a semialgebraic mapping. If S
is of constant holomorphic closure dimension, then we have equality in (5.1).
Proof Let h denote the constant holomorphic closure dimension of S. Choose
a point ξ ∈ ϕ−1(S) ∩ Ω(λ), and suppose that dimHC(ϕ−1(S))ξ < h + λ. By
Proposition 1, the holomorphic closure (ϕ−1(S))ξ
HC
is a Nash germ. There-
fore, we can choose an open neighbourhood U of ξ in Ω such that (ϕ−1(S))ξ
HC
has a Nash representative X in U , with dimXξ = dimHC(ϕ
−1(S))ξ, and
X ⊃ ϕ−1(S) ∩ U . After shrinking U if needed, we can also assume that
U ⊂ Ω(λ). Then ϕ|U is an open mapping, by Remmert’s Open Mapping The-
orem, and hence ϕ(U) is an open neighbourhood of η := ϕ(ξ). Let X(λ) :=
{x ∈ X : fbdx(ϕ|X) ≥ λ}. Then X(λ) ⊃ ϕ−1(S)∩U , and X(λ) is a Nash subset
of U , so by minimality of Xξ, we can replace X with X
(λ). After shrinking U
if necessary, we can assume that X has a finite number of irreducible compo-
nents; say, Σ1, . . . , Σs. For each j = 1, . . . , s, let λj denote the generic fibre
dimension of ϕ|Σj . Then we have
dimϕ(Σj) = dimΣj − λj ≤ dimXξ − λ ,
and hence dimϕ(X) ≤ dimXξ − λ, since ϕ(X) =
⋃
j ϕ(Σ
j). By Theorem 6,
(ϕ(X))η
HC
is a Nash germ at η of dimension dimϕ(X). On the other hand,
ϕ(X) ⊃ ϕ(ϕ−1(S) ∩ U) = S ∩ ϕ(U) ,
hence, by openness of ϕ(U) in N , (ϕ(X))η
HC
contains the holomorphic closure
Sη
HC
. Therefore
h = dimSη
HC ≤ dim (ϕ(X))ηHC = dimϕ(X) ≤ dimXξ − λ
= dimHC(ϕ
−1(S))ξ − λ < (h+ λ)− λ ;
a contradiction. We have thus proved that dimHC(ϕ
−1(S))ξ = h + λ for all
ξ ∈ ϕ−1(S) ∩Ω(λ).
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To complete the proof, consider a point ξ ∈ ϕ−1(S)\Ω(λ). By assumption,
(ϕ−1(S))ξ ∩ (Ω \Ω(λ))ξ is nowhere-dense in (ϕ−1(S))ξ, hence arbitrarily close
to ξ there are points x of ϕ−1(S) such that dimHC(ϕ
−1(S))x = h+ λ. Hence
dimHC(ϕ
−1(S))ξ ≥ h+λ, by upper semicontinuity of the holomorphic closure
dimension. The opposite inequality was shown in Proposition 7. ⊓⊔
The proof of Proposition 8 is of local nature. Therefore we can derive from
it the following result (under the assumption that ϕ is dominant).
Proposition 9 Let S be a semialgebraic subset of N . Then, for all η ∈ S and
ξ ∈ ϕ−1(η) ∩Ω(λ), we have
dimHC(ϕ
−1(S))ξ = dimHC Sη + λ .
Proof One can repeat the (relevant part of the) proof of Proposition 8 verba-
tim, because for a point ξ ∈ Ω(λ) one can choose an open neighbourhood U
such that U ⊂ Ω(λ), by upper semicontinuity of fibre dimension. ⊓⊔
6 Applications to CR geometry
Proposition 10 Let S be a d-dimensional semialgebraic set in M , of constant
holomorphic closure dimension h. Then S contains a closed semialgebraic set
T of dimension less than d, such that S \T is a CR manifold of CR dimension
d− h.
Proof The proof is an easy adaptation of that of [2, Thm. 1.5]; we include it
for the reader’s convenience.
Let Gr(2n, d) denote the space of d-dimensional R-linear subspaces of
Cn ∼= R2n, and let Gk be the subset of Gr(2n, d) consisting of d-dimensional
subspaces of Cn of CR dimension at least k. Let L ∈ Gr(2n, d) be a subspace
generated by vectors v1, . . . , vd, vj = (vj1, . . . , v
j
2n) ∈ R2n, j = 1, . . . , d, and
let wj = (wj1, . . . , w
j
2n) := Jv
j (where Jv means the product
√−1 · v, with v
viewed as a vector in Cn). Then L ∈ Gk if and only if in any matrix of the
form 

v11 · · · vd1 w11 · · · wd−2k+11
...
...
...
...
v12n · · · vd2n w12n · · · wd−2k+12n


every (2d− 2k + 1)-minor vanishes, provided 2d− 2k + 1 ≤ 2n.
Let Sι be a connected component of the R-analytic manifold Regd(S).
The assignment p 7→ TpSι defines a real-analytic semialgebraic map from Sι
to Gr(2n, d). Hence, for every 0 ≤ k ≤ [d2 ], the set
Sιk := {x ∈ Sι : dimCR TxSι ≥ k}
is an R-analytic semialgebraic subset of Sι. Ifmι = min{dimCR TpSι : p ∈ Sι},
then Sιmι+1 is a proper analytic subset of S
ι (hence of dimension less than d)
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and Sι \ Sιmι+1 = Sιmι \ Sιmι+1 is a CR-manifold of CR dimension mι. By [2,
Prop. 1.4], mι = d− h for all ι. The result thus follows by setting T to be the
union of all the Sιmι+1 and the set S \ Regd(S). ⊓⊔
Corollary 5 Every semialgebraic subset S of M is a disjoint union of a finite
family of CR manifolds which are semialgebraic in M .
Proof We proceed by induction on d := dimR S. If d = 0, there is nothing to
show. Suppose then that d ≥ 1.
As a semialgebraic set, S is a disjoint union of a finite family of connected
R-analytic manifolds which are semialgebraic inM (Remark 2(3)). Thus, with-
out loss of generality, we can assume that S is connected and S = Regd(S).
By Corollary 3, S has constant holomorphic closure dimension. Let T be as
in Proposition 10. Since T is nowhere dense in S, dimR T < dimR S. By the
inductive hypothesis, T is partitioned into a finite family {Tι}ι∈I of semialge-
braic CR manifolds. The finite family {Tι}ι∈I ∪ {S \ T } therefore realizes a
partition of S into CR manifolds which are semialgebraic in M . ⊓⊔
Theorem 2 now follows immediately:
Proof of Theorem 2
To get a semialgebraic partition of S by CR manifolds compatible with the
family {Sd(S)}d∈N, apply Corollary 5 to the semialgebraic sets Sd(S)\Sd+1(S),
d ∈ N.
By further stratifying, if needed, we can assume that the strata Sι satisfy
the ordinary condition of the frontier; i.e., that Sj∩Sk = ∅ or else Sj ⊂ Sk and
dimR Sj < dimR Sk, for any j, k (cf. [4, Prop. 9.1.8]). Let us then choose j, k ∈ I
such that Sj ⊂ Sk. By Corollary 3, Sj and Sk have constant holomorphic
closure dimensions, say hj and hk resp., and there is an irreducible C-algebraic
set Xk in M such that Xk ⊃ Sk and hk = dimXk. Then Sj ⊂ Sk ⊂ Xk, and
hence hj ≤ dimXk = hk, as required. ⊓⊔
Remark 8 It is interesting to consider the above results in the semianalytic
setting. By [2, Thm. 1.5], an irreducible R-analytic set of pure dimension is
a CR manifold outside a nowhere-dense semianalytic subset. Therefore the
inductive argument of Corollary 5 carries over to the case when S is semi-
analytic. On the other hand, a semianalytic stratification compatible with the
family {Sd(S)}d∈N does not exist in general for S semianalytic. Indeed, every
CR manifold is of constant holomorphic closure dimension, by [2, Prop. 1.4],
but this dimension is not tame on semianalytic sets (Remark 1).
The following two results are concerned with the relationship between CR
structures of a semialgebraic set and of its preimage under a holomorphic
semialgebraic mapping. Here, as before, Ω(λ) denotes the set of those x ∈ Ω
for which fbdxϕ = λ.
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Theorem 7 Let Ω and ∆ be open semialgebraic subsets of M and N respec-
tively, and let ϕ : Ω → ∆ be a dominant holomorphic semialgebraic mapping,
with generic fibre dimension λ. Let S be a semialgebraic subset of N such that
dim(S ∩ ϕ(Ω \Ω(λ)) < dimS and dim(ϕ−1(S) \Ω(λ)) < dimϕ−1(S).
(i) If S is a CR manifold of CR dimension m, then there is a closed semi-
algebraic set T ′ in M , of dimension dim T ′ < dimϕ−1(S), and such that
ϕ−1(S) \ T ′ is a CR manifold of CR dimension
dimCR ϕ
−1(S) = dimϕ−1(S)− dimS +m− λ .
(ii) If ϕ−1(S) is a CR manifold of CR dimension m′, then there is a closed
semialgebraic set T in N , of dimension dimT < dimS, and such that S\T
is a CR manifold of CR dimension
dimCR S = dimS − dimϕ−1(S) +m′ + λ .
Proof Suppose first that S is a CR manifold of CR dimension m. Then, by [2,
Prop. 1.4], S has a constant holomorphic closure dimension h = dimS −m.
Therefore ϕ−1(S) ∩ Ω(λ), which is a semialgebraic set of dimension equal to
dimϕ−1(S), has constant holomorphic closure dimension h + λ, by Proposi-
tion 9. Hence, by Proposition 10, ϕ−1(S)∩Ω(λ) contains a closed semialgebraic
subset T˜ , of dimension dim T˜ < dimϕ−1(S), such that (ϕ−1(S) ∩Ω(λ)) \ T˜ is
a CR manifold, of CR dimension
dimCR(ϕ
−1(S)∩Ω(λ))\T˜ = dimϕ−1(S)−(h+λ) = dimϕ−1(S)−dimS+m−λ .
Now, the set T ′ := T˜ ∪ (ϕ−1(S) \Ω(λ)) has the required properties.
Next, suppose that ϕ−1(S) is a CR manifold, of CR dimensionm′. Then, by
[2, Prop. 1.4] again, ϕ−1(S) is of constant holomorphic closure dimension h′ =
dimϕ−1(S)−m′. Therefore S \ϕ(Ω \Ω(λ)) is a semialgebraic set of dimension
equal to dimS, and of constant holomorphic closure dimension h′ − λ, by
Proposition 9. Hence, by Proposition 10, S \ ϕ(Ω \ Ω(λ)) contains a closed
semialgebraic subset T̂ , of dimension dim T̂ < dimS, such that (S \ ϕ(Ω \
Ω(λ))) \ T̂ is a CR manifold, of CR dimension
dimCR(S \ϕ(Ω \Ω(λ)))\ T̂ = dimS− (h′−λ) = dimS−dimϕ−1(S)+m′+λ .
Then the set T := T̂ ∪ (S ∩ ϕ(Ω \Ω(λ))) has the required properties. ⊓⊔
We will say that a semialgebraic set S in M admits a holomorphic semial-
gebraic desingularization, if there exists a C-vector space M ′, a holomorphic
semialgebraic generically finite mapping σ : M ′ → M , and a closed nowhere-
dense semialgebraic subset Σ ofM , all such that σ|M ′\σ−1(Σ) :M ′\σ−1(Σ)→
M \Σ is a biholomorphism, S ∩Σ is nowhere-dense in S, the strict transform
S′ := σ−1(S \Σ) of S is an R-analytic manifold, and σ|S′ : S′ → S is a proper
surjection.
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Proposition 11 Let S be a semialgebraic set in M , which admits a holomor-
phic semialgebraic desingularization (with centre Σ). Suppose that the strict
transform S′ of S has constant holomorphic closure dimension (which is the
case, e.g., when S′ is connected); say, h. Then dimHC Sξ = h for all ξ ∈ S \Σ.
Moreover, S has a closed nowhere-dense semialgebraic subset T , such that S\T
is a CR manifold of CR dimension dimS − h.
Proof Let σ : M ′ → M be as above, and let S′ ⊂ M ′ denote the strict
transform of S. Let h denote the constant holomorphic closure dimension of
S′. Then, by Proposition 9, dimHC Sη = h for all η ∈ S \Σ, since the generic
fibre dimension of σ is zero.
By Proposition 10, there is a semialgebraic set T ′ closed and nowhere-dense
in S′, such that S′ \ T ′ is a CR manifold of CR dimension dimS′ − h. Then
σ(S′\(T ′∪σ−1(Σ))) is a CR manifold of CR dimension dimS′−h = dimS−h,
since a biholomorphism preserves the CR structure and dimensions. Moreover,
σ(T ′ \σ−1(Σ)) is semialgebraic and nowhere-dense in S, and σ(T ′) is a closed
subset of S, by properness of σ. Hence T := σ(T ′) ∪ Σ has the required
properties. ⊓⊔
Example 2 Let R be an R-algebraic subset of C3 given by equations
x33 − x21x2x3 = x41, y1 = 0,
where zj = xj + iyj , j = 1, 2, 3. Then R has a holomorphic semialgebraic
desingularization by a single blow-up of C3 with centre the z2-axis. Indeed,
under the mapping σ : C3 → C3 given by z1 = u1, z2 = u2, and z3 = u1u3,
where uj = vj + iwj (j ≤ 3), R has the strict transform
R′ = {(u1, u2, u3) ∈ C3 : v33 − v2v3 = v1, w1 = 0} .
Now, R′ is an R-analytic submanifold of C3 of real dimension 4. By Corollary 3,
R′ has constant holomorphic closure dimension. It is easy to see that R′0 is con-
tained in no germ of a C-analytic hypersurface, and hence dimHC R
′
ξ = 3 for
all ξ ∈ R′. Hence R is generically (i.e., outside a nowhere-dense semialgebraic
set) a CR manifold of CR dimension 1, by Proposition 11.
Acknowledgements The authors would like to thank Rasul Shafikov for his many useful
remarks and suggestions regarding the manuscript.
References
1. J. Adamus, S. Randriambololona and R. Shafikov, Tameness of complex dimension in
a real analytic set, electronic preprint (arXiv:1006.4190v2).
2. J. Adamus and R. Shafikov, On the holomorphic closure dimension of real analytic sets,
Trans. Amer. Math. Soc. 363 (2011), no. 11, 5761-5772.
3. M. S. Baouendi, P. Ebenfelt and L. P. Rothschild, “Real submanifolds in complex space
and their mappings”, Princeton Mathematical Series, no. 47, Princeton University Press,
Princeton, NJ, 1999.
Tameness of holomorphic closure dimension in a semialgebraic set 21
4. J. Bochnak, M. Coste and M.-F. Roy, “Real algebraic geometry”, Ergebnisse der Math-
ematik und ihrer Grenzgebiete (3), no. 36, Springer-Verlag, Berlin, 1998.
5. A. Boggess, “CR manifolds and the tangential Cauchy-Riemann complex”, Studies in
Advanced Mathematics, CRC Press, Boca Raton, FL, 1991.
6. H. Cartan, Varie´te´s analytiques re´elles et varie´tes analytiques complexes, Bull. Soc.
Math. France 85 (1957), 77–99.
7. M. Coste, “An introduction to semialgebraic geometry”, Dip. Mat. Univ. Pisa, Dottorato
di Ricerca in Matematica, Istituti Editoriali e Poligrafici Internazionali, Pisa, 2000.
8. J. D’Angelo, “Several complex variables and the geometry of real hypersurfaces”, Studies
in Advanced Mathematics, CRC Press, Boca Raton, FL, 1993.
9. E. Fortuna, S.  Lojasiewicz and M. Raimondo, Alge´bricite´ de germes analytiques, J.
Reine Angew. Math. 374 (1987), 208-213.
10. H. Grauert and R. Remmert, “Analytische Stellenalgebren”, Die Grundlehren der math-
ematischen Wissenschaften 176, Springer-Verlag, Berlin-New York, 1971.
11. A. Grothendieck and J. Dieudonne´, Ele´ments de ge´ome´trie alge´brique IV. Etudes locale
des sche´mas et des morphismes de sche´mas, Publ. Math. I.H.E.S. 20, 1964; 24, 1965;
28, 1966.
12. S.  Lojasiewicz, “Introduction to Complex Analytic Geometry”, Birkha¨user, Basel, 1991.
13. D. Marker, Semialgebraic expansions of C, Trans. Amer. Math. Soc. 320 no. 2 (1990),
581–592.
14. Y. Peterzil and S. Starchenko, Complex analytic geometry and analytic-geometric cat-
egories, J. Reine Angew. Math. 626 (2009), 39–74.
15. R. Shafikov, Real analytic sets in complex spaces and CR maps, Math. Z. 256 (2007),
757–767.
16. P. Tworzewski, Intersections of analytic sets with linear subspaces, Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (4) 17 (1990), 227–271.
